Using Landau-Ginzburg-Devonshire theory, we considered the impact of the flexoelectro-chemical coupling on the size effects inpolar properties and phase transitions of thin ferroelectric films with a layer of elastic defects.
reentrant ferroelectric phase with enhanced polarization at room temperature observed in BaTiO 3 nanoparticles with sizes less than 20 nm [ 18 ] .
However, as one can see from Таble I, the influence of combined flexo-chemical and size effects on domain structures, polar, elastic and electrophysical properties of thin ferroelectric films was not considered so far. The main objective of our work is to advance a theory describing the impact of defect driven flexo-chemical coupling on the film properties and size effects, and analyze the outcomes towards optimization of the properties for advanced applications. 
II. STATEMENT OF THE PROBLEM
The Landau-Ginzburg-Devonshire (LGD) expansion of bulk ( ) and surface ( ) parts of the Gibbs free energy of a ferroelectric film in powers of the polarization vector and stress tensor components and and the energy of the electric field outside the film ( ) have the form: 
The tensor is positively defined for linear dielectrics, and explicitly depends on temperature T for ferroelectrics and paraelectrics. Below we use an isotropic approximation for the tensor coefficients 
in the functional (1b), because its magnitude and sign are still disputed [35] . Thus we apply only one half 
results in the same equations of state. The full form, however, leads to the higher order elastic equations and affects the boundary conditions [36, 37, 38, 39] . The reason of using only the part of the Lifshitz invariant in Eq. (1) is that implementation of the full form causes poor convergence of the numerical code and impairs the quality and reliability of the obtained results.
Using the truncated form in Eq. (1) can be justified by the smallness of the flexoelectric coupling strength as compared to the polarization gradient term. Thus following Refs. [40, 41] we assume that the used approximation is valid if .
Polarization distribution can be found from the Euler-Lagrange equations obtained after variation of the free energy (1)
along with the boundary conditions on the top surface of the film S at
The most evident consequences of the flexocoupling are the inhomogeneous terms in the boundary conditions (2b).
Elastic stress tensor satisfies the mechanical equilibrium equation
; elastic strains
The boundary conditions at the mechanically free surface can be obtained from the variation of the free energy (1) with respect to the stresses:
Here are components of the external normal to the film surface. Misfit strain existing at the film-substrate interface ( ) leads to the boundary conditions for mechanical displacement components, related to elastic strain as
The periodic conditions were imposed at the lateral sides, 
supplemented by the condition of potential continuity at the top surface of the film, z h = ., using hereinafter notations 1 2 3 , , x x x y x z ≡ ≡ ≡ . The difference of electric displacement components is conditioned by the surface screening produced by the ambient free charges at the film surface S:
Here n is the outer normal to the film surface, electric displacement P E D + ε ε = b 0 , the subscript "i" means the physical quantity inside the film, "e" -outside the film. The conditions of zero potentials were imposed at the bottom electrode ( 0 = z ) and a remote top electrode (
respectively [ 42 ] (see Fig. 1 ).
We suppose that most of defects are located in a thin top layer of thickness beyond which their concentration decreases exponentially towards the film bulk [ 
III. RESULTS AND DISCUSSION
Using COMSOL Multiphysics package © we calculated ferroelectric polarization, electric fields and elastic properties from Eqs. (2-5) for exemplarily chosen film thickness, temperature, misfit strain, the defect distribution given by Eq. (6) and PbTiO 3 (PTO) ferroelectric parameters listed in 
LGD-coefficient at P A. Polarization, domain structure and elastic field dependence on the sign of Vegard coefficient
Note, that in most cases, a stable poly-domain structure with prevailing out-of-plane polarization has been found for an applied negative misfit strain = m u -1% and λ>0.1nm [30] ., which support the out-of-plane polarization component [7] and a poly-domain structures. The appearance of the closure domains [19] under the electrically open film surface depends strongly on the degree of screening, represented by the values of the surface screening length λ and temperature [30] .
To illustrate the above mentioned issues, Fig. 2 shows the spatial distributions of the in-plane and out-of-plane polarization components, P x and P z , respectively, corresponding elastic strains u xx and u zz , and von Mises stress ( ) the elastic strain tensor in the film, whose diagonal components u xx and u zz are shown in Fig. 2(c), 2(d) and 2(h), 2(i), respectively. The main features on the lateral strain distribution are caused by the domain structure via the piezoelectric and flexoelectric effects, and so the distribution of u xx is virtually independent on the sign of W [compare Fig. 2(c) and 2(h) ]. The main features of the vertical strain distribution are conditioned not only by the domain structure, but also by an elastic field gradient in the defect layer. That is why a diffuse horizontal boundary is clearly visible on the edge of the defect layer in Fig. 2(d) and 2(i) . The vertical strain in this layer is determined by a chemical pressure of defects and thus it changes sign when the sign of W is changed [compare Fig. 2(d) and 2(i) Note that the value of the screening length λ strongly affects the polar properties of the film, determines its critical thickness at fixed temperature and the existence as well as the type of the domain structure [30] . In addition, a pronounced minimum at a certain width, which depends on W, temperature and film thickness, appears on the dependence of the system specific energy E on the domain lateral size d when λ increases [see Table II. B. Temperature evolution of spontaneous polarization, domain structure and elastic fields Figure 4 shows the temperature dependencies of the maximum spontaneous polarization at the center of the stripe domains, calculated for films of different thicknesses (6 -50) nm with a layer of elastic defects (solid curves) and without it (dashed curves). Note that the average polarization is zero due to the presence of stripe domain structure. The temperature of spontaneous polarization and domain structure appearance in a film with defects is much larger (by 50 -70 К), than for films without them, and the polarization itself is somewhat larger for thin films with a thickness less than 25 nm, for which the defect layer occupies the whole film and the Vegard effect is positive ( )
[compare solid and dashed curves in Fig. 4(a) Table II . The inflections at the curves for 50-nm thick film indicate the appearance of the closure domains (CD) at temperatures lower than 550 K. . Notably, the inequality is valid for thicknesses more than 4 nm [compare red, magenta and blue curves in Fig. 6(а) ]. At a film thickness of about 3.5 nm, all three curves intersect, and the order of the curves corresponding to and compressive strains (-1%) at the film-substrate interface, which effectively support spontaneous dipole displacements in ulta-thin films [3] [4] [5] due to the electrostriction [7] and flexoelectric effect [28] . The depolarization field in the film is minimal due to a developed domain structure [see Table II .
Distributions for the 2-nm film calculated at the temperature 300 K show the film in the state close to the phase transition; that is why its polarization is severely weakened and domain walls are notably diffused. Also, a metastable domain state can be observed for the film at negative W. This illustrates sensitivity of thin films to lateral boundary conditions and flexoeffect that carry a major responsibility for the formation of such kinds of structures. Flexoelectric coupling, in particular, is also responsible for the very existence of the ferroelectric phase in thin films under 6 nm.
A possible explanation for an anomalous change in the phase-transition curve evolution at h<4 nm [that is shown in Fig. 6(a) ] could be a transition from the c-domain state of the film with polarization perpendicular to the surface in thick films (where a part of closure domains is relatively small because of their localization at approximately 5 nm below the surface, see Figs. 2 and 5) to the mainly a-domain state with the decrease of thickness, owing to the flexocoupling. Indeed, with the thickness decrease a-domains with the in-plane polarization direction become significant (see Fig. 7 ).
This happens because it is well known that compressive misfit strains u m <0 support the c-domain formation, while the dilatation ones u m >0 support the a-domain formation. Respectively, W>0 supports c-domain stability, while W<0 supports the stability of a-domains. Therefore, for the case of thickness decrease below 4 nm in the film already having defects homogeneously occupying its whole bulk (because h 0 =25 nm >> 4 nm), it is energetically favorable to increase the fraction of a-domains, so that the ferroelectric phase transition temperature for this scenario is higher. This can be seen in Fig. 6 ; the detailed analysis of the corresponding domain structure and elastic fields for the film thicknesses below 5 nm is given in Fig. 7 . 
Other parameters are listed in Table II . Color gradient denotes scales of for the following physical parameters.
In-plane polarization changes from −0.45 to 0.45 C/m²; out-of-plane polarization changes from −0.45 to 0.6 C/m²; Von Mises stress changes from 0.8 to 3.6 GPa; in-plane strain changes from −1.7% to −0.3%; out-ofplane strain changes from −0.2% to 3.1%.
Polarization Table I correspond to a higher than the curves calculated at . The difference is most significant for the thinnest films [see the curves for h=10 nm and 20 nm in Fig. 8(b) ]; it decreases with the film thickness increase and is almost nondescript for the films with a thickness in the order of 100 nm and above [see the curves for h=80 nm and 170 nm in Fig. 8(b) ]. This is obviously related with the built-in electric field induced by the flexoelectric coupling of polarization with inhomogeneous elastic stresses, which is proportional to the product Table II. 
IV. CONCLUSIONS
Using Landau-Ginzburg-Devonshire approach we established the effect of the flexoelectrochemical coupling on the polar properties and phase transitions in thin ferroelectric films with a surface layer of uncharged elastic point defects (vacancies or ions). We considered a typical case, when the defects are concentrated in a thin layer below the top film surface creating a sharp gradient of elastic fields. The defective surface of the film is not covered with an electrode, but with an ultra-thin layer of ambient screening charges, which are characterized by a surface screening length.
We obtained that the influence of the flexoelectro-chemical coupling and surface screening length on the ferroelectric transition temperature of the film, distribution of the spontaneous polarization and elastic fields, domain wall structure and period is rather strong, namely, it turned out that:
• The screening length strongly affects the polar properties and domain structure in the film. In particular, a pronounced minimum appears on the dependence of the system's specific energy on the domain size with an increase of the screening length, the depth of the minimum depending essentially on the magnitude of the Vegard coefficient.
• Due to the flexoelectric effect there is no size-induced transition to a paraelectric phase until (2 -4) nm thickness of PbTiO 3 films with 1% of compressive misfit strain. The origin of this phenomenon is the re-building of the domain structure in the film (namely the cross-over from c-domain stripes to a-type closure domains) emerging with its thickness decrease below 4 nm, conditioned by the flexoelectric coupling and facilitated by negative Vegard coefficient. Though we observe no phase transition for smaller thickness, our results (as obtained in the continuum theory framework) can be inaccurate below the (2-4) nm size. Despite the said limitation the obtained results point at tempting opportunities for defect-strain engineering of the ultra-thin perovskite film ferroelectric properties and domain structure tuning, which can be very promising for the ferroic film applications in nanoelectronics.
• Electric field induced by the defect layer has an unexpectedly strong influence on the polar and elastic properties of the strained films due to the coupling of inhomogeneous Vegard stresses and the flexoelectric effect (defect-driven flexo-chemical effect). Positive Vegard coefficients and high concentration of elastic defects effectively maintain the ferroelectric transition temperature above 350 K in the strained PbTiO 3 films due to the flexo-chemical effect. In contrast to the pure flexoelectric effect coefficients, which values are material-specific constants, the magnitude of the flexo-chemical effect can be controlled by the concentration of defects, their type and distribution in the film, making the considered system much more suitable for tuning.
• The increase of defect concentration leads to a noticeable monotonic decrease in the ferroelectric transition temperature of the PbTiO 3 film with negative Vegard coefficients. In contrast, for positive Vegard coefficients, a pronounced maximum (with a height up to 200 K) appears on the thickness dependence of the transition temperature with increasing defect concentration. The film thickness corresponding to the maximum is approximately equal to the thickness of the defect layer and relatively weakly depends on the surface screening length. The latter property may have important implications for miniaturization of ferroelectric devices.
• The pronounced maximum on the dependence of the ferroelectric transition temperature on the film thickness exists even without the flexoelectric coupling in the film, however, the coupling strongly shifts the transition temperature (by up to 30 K for thin PbTiO 3 films). Since the maximum position and height can be controlled by modifying the defect concentration and Vegard coefficient, the obtained results are promising for advanced applications in ferroelectric memory devices and those applications in nanoelecronics, where introducing of different types and amounts of defects is conceivable. and negative (W=-10 Å) Vegard coefficients. Saturation plateaus on the curves correspond to the paraelectric phase. Linear or parabolic-like dependencies correspond to the ferroelectric phase in the vicinity of respectively I and II-type phase transition. Note that the total energy of the system is greater than zero because of its mechanical component modified by a misfit strain.
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